M-theory compactified on S 7 /Z k allows for a four-dimensional, asymptotically AdS cosmology.
I. INTRODUCTION
Further progress in our description of the early universe requires the resolution of three fundamental and related problems. The first and most basic is the big bang singularity at which general relativity breaks down. The second is that the canonical (phase space) measure for cosmological backgrounds is unbounded, so that without some further constraint there is no well-defined statistical ensemble. The third, known as the conformal factor problem, is that the Euclidean action for general relativity is unbounded below. This compromises any efforts to employ a path integral description capable of covariantly incorporating the full symmetries of the theory.
Fortunately, a powerful new tool for quantum gravity has recently emerged, namely the AdS/CFT correspondence [1] . In this Letter we show how, within a certain compactified version of M-theory, AdS/CFT can be extended to obtain a well-defined dual description of a singular 4d cosmology. We explicitly construct a Euclidean path integral measure for the dual CFT, making strong use of a UV fixed point where Weyl-invariance becomes exact.
The cosmologies we study are not realistic: they possess a negative cosmological constant and negative space curvature. And the dual theory is only analytically tractable at weak gauge coupling, which corresponds to the bulk AdS radius being shorter than the string length. Nevertheless, we believe the methods developed here constitute a significant step towards tackling the abovementioned fundamental puzzles.
We work in one of the simplest and best-defined theoretical frameworks for 4d cosmology, namely M-theory compactified on S 7 /Z k . With supersymmetric boundary conditions, the bulk background spacetime is anti-de Sitter (AdS) spacetime. The AdS/CFT dual was identified by Aharony et al. [2] , as a supersymmetric Chern-Simons gauge theory known as ABJM theory. Non-supersymmetric but still asymptotically AdS boundary conditions allow for more interesting big crunch cosmologies in the bulk [3] [4] [5] . They consist of a time-symmetric O(3, 1)-invariant bubble solution within an asymptotically-AdS spacetime.
The bubble contains an infinite open FRW universe collapsing to a big crunch. Outside the bubble, the natural O(3, 1)-invariant boundary is 3d de Sitter spacetime dS 3 . The boundary avoids both past and future singularities in the bulk and hence one can hope for a nonsingular holographic description.
The cosmological dual is a marginal deformation of ABJM theory, as described in Ref. [6] . It is analytically tractable for large k, i.e., at weak gauge coupling. An important observation was made in Ref. [6] : at large k, the deformation coupling has an UV fixed point, meaning that the dual theory is perturbatively ultraviolet-complete and hence, in principle, provides a complete description of the cosmological singularity in the bulk. Heuristically, as the bulk geometry shrinks to zero at the crunch, the propagating degrees of freedom migrate outward to the boundary, where they are described by the UV limit of the boundary theory in accordance with the UV-IR correspondence.
Our main tool for the study of the dual theory is the large N expansion. As Ref. [6] showed, the ABJM theory at large k reduces to an O(N ) vector model in three dimensions.
The marginal deformation is governed by a sextic coupling 1 g 6 , which possesses an ultraviolet fixed point at g 6 = g * 6 = 192 [7] , up to 1/N corrections. However, there has been a longstanding puzzle about this theory since the work of Bardeen et al. [8] , who showed that for g 6 > g c 6 = 16π 2 , then for conventional quantization in flat spacetime, the quantum 1 Actually, away from g 6 = g * 6 , there are several sextic couplings, but we focus on the one which dominates at the UV fixed point: see [6] .
Hamiltonian is unbounded below. Since one can always consider high energy processes (or vacuum fluctuations) which probe the UV and in which g 6 runs up to g * 6 > g c , it would seem that in flat space the theory is unstable.
Motivated by AdS/CFT cosmology, we have reconsidered the model for g 6 > g c 6 , but instead defined on an S 3 (or its Lorentzian continuation dS 3 ). We can consider the theory precisely at g 6 = g * 6 , for which it is exactly Weyl-invariant. S 3 (or dS 3 ) is the most natural boundary for asymptotically H 4 (or AdS 4 ) metrics such as we consider here. As usual at large N , we define the theory by introducing auxiliary fields. For g 6 > g c , we shall show that suitable integration contours for these fields may be chosen in the complex plane so that the Euclidean path integral converges and is real. Our procedure is similar in spirit to the Gibbons-Hawking-Perry proposal for Euclidean quantum gravity [9] but of course much simpler to implement in the dual theory than it is in gravity. For g c < g 6 < g * 6 , and at finite N , g 6 decreases in the IR but we can consider the theory on a small enough S 3 that g 6 never flows below g c . For g 6 > g * 6 , g 6 increases in the IR and we can consider the theory on an arbitrarily large S 3 .
One of the subtleties of the dual theory at its UV fixed point is that, due to its scaleinvariance, it allows an infinite family of instantons. These correspond to bulk instantons responsible for nucleating a cosmological bubble as illustrated in Fig (or O(4)), i.e., to cosmological symmetry. The four broken generators act to translate the bubble around in the 4d bulk. Since bubbles can nucleate anywhere in the infinite bulk, one might expect an infinite instability rate [10] .
The dual CFT defined on S 3 (and its Lorentzian continuation dS 3 ) possesses a corresponding infinite family of instantons. Each breaks O(4, 1) global conformal symmetry down to the isometry group O(4). At first sight, these instantons might also appear to mediate an infinite instability. However, when we carefully define the theory so that the Euclidean path integral converges, and sum over all instantons in the Euclidean region, there is no instability. We find O(4, 1) is spontaneously down to O(4) but translation symmetry on S
3
(or its Lorentzian continuation dS 3 ) is unbroken, and the vacuum is now manifestly stable, unitary and finite. In principle, our construction therefore provides a complete holographic description of the cosmological singularity. We explicitly calculate the boundary two-point function, show it satisfies reflection positivity, and display its short and large distance limits.
II. THE DUAL CFT AT WEAK GAUGE COUPLING
Our construction of the dual CFT begins with the O(N ) vector model on S 3 , defined by the Euclidean action
We re-express the interaction using a Lagrange multiplier field s and an auxiliary field ρ:
and then integrate out φ in the generating functional
Tr lnÔs+
+ s and , is the L 2 norm. In this representation of Z J , the auxiliary field s encodes the full dynamics of the original N physical degrees of freedom 2 , while ρ has trivial dynamics since it appears algebraically in the action. Both s and ρ are singlets which significantly simplifies the 1/N expansion. The contours of integration for s and ρ are chosen to ensure the path integral converges. We take the theory to be defined on an S 3 of radius r 0 (so R = 6/r 2 0 ). However, since there is no conformal anomaly in 3d, at the UV fixed point the theory is Weyl-invariant, and it shall prove very convenient to Weyl-transform to spheres of different radius or to R 3 .
To solve the theory, we look for a large N saddle point. The resulting gap equations read
The saddle point equations are Weyl invariant for any value of g 6 because all anomalous dimensions vanish to leading order in 1/N [7] . Let us assume the solution is homogeneous when taken on a sphere S 3 of radius a, so we write ρ =ρ a , s =s a . In this case the inverse ofÔs coincides with the Green's function for a free massive scalar field. The solution to the gap equations is
2 Note that we study the O(N ) symmetric phase of the model. 3 To cancel the power law divergences resulting from the short distance expansion ofÔ −1 s , we introduce counterterms which are quadratic and quartic in the field φ and tune the associated renormalized couplings to zero, i.e., we set the theory at the tricritical point. . For all g 6 > g c = 16π
2 , there is a positive solution s a = C(g 6 )a −2 , with ∞ > C(g 6 ) > 0 as g c < g 6 < ∞ and C(g * 6 ) ≈ 1.38. For any a, the solution may be Weyl transformed to a sphere of radius r 0 . Transforming each solution stereographically first to the plane R 3 and then to a sphere of radius r 0 , one obtains the following infinite family of instantons on S 3 of radius r 0 ,
whereη is any point on S 3 ,û is the instanton's centre and a it's size. For all a = r 0 , each instanton, if individually continued to Lorentzian time, i.e., to dS 3 , becomes singular.
However, as we shall see, if we first sum over all of these instantons in the Euclidean region S 3 and only then continue to Lorentzian time, the theory is completely regular on dS 3 .
III. GENERATING FUNCTIONAL IN THE INSTANTON BACKGROUND
To define the path integral about each instanton, we must find a contour in the space of auxiliary fields s and ρ for which the path integral converges. For each instanton we work in the Weyl frame in which it is homogeneous on the S 3 . In this frame, it is straightforward to see that the operator associated with quadratic fluctuations around a given instanton has one negative mode -the homogeneous mode,s, and four zero modes -the l = 1 harmonics, which correspond to translations and dilatations on R 3 . All higher harmonics have positive eigenvalues. We determine the integration contour for the homogeneous mode by steepest descent. Since the higher harmonics occur at least quadratically in the action, for this purpose they may consistently be set to zero. We proceed by integrating out the homogeneous modeρ to obtain for the homogeneous modes the following contribution to Z 0 :
Tr lnÔs ,
where Ai is the Airy function, α = (U N/2) 
plus an unimportant constant. For positive reals and large N we have Ai(αs) ∼ (αs)
. In (7) the exponents combine to produce the large N saddle point solution given above. Fig. 2 presents a of the integrand in the complexs-plane. We also show the steepest descent contour, which runs through the saddle point at the centre of the figure and asymptotes, at large |s|, to θ = ±2π/3. By the symmetry of the contour under reflections in the reals-axis, the reality of the functions in (7) at reals and the Schwarz reflection principle, the integral overs in (7) is real. A similar argument applied to both theρ contour which we implicitly used in obtaining the Airy function, and thes contour just defined, shows that the full generating functional Z J for φ correlators is real, to all orders in 1/N .
The leading, saddle point approximation is then:
where S inst ∝ N is the instanton action. The integral over the negative modes converges on the steepest descent contour. The four zero modes correspond to the a andû moduli fixing the instanton's size and location on the S 3 of radius r 0 . Sinces Hence,
where C d and C t are the norms of the dilation and translation modes respectively, computed using the moduli space metric (see e.g. [11] ):
Note that C d diverges as r 0 → ∞. This indicates that zero mode associated with dilation is not normalizable in flat space. This divergence is avoided on S 3 .
As mentioned, at the fixed point we expect the model to exhibit global conformal symmetry O(4, 1). However, each instanton spontaneously breaks O(4, 1) to O(4). This is seen by Weyl transforming the vev for s (which has scaling dimension ∆ = 2) to R 3 , on which
This clearly breaks dilation symmetry generated by D = −i(x ν ∂ ν + ∆), special conformal symmetry generated by K µ = 2x µ D + ix 2 ∂ µ and translations generated by
corresponding to rotations on the S 3 . Therefore, as claimed, each instanton breaks O(4, 1) to O(4). However, because translation invariance on R 3 is broken, the four broken generators do not lead to a dilaton or Goldstone modes. Instead, they generate the instanton moduli space, which we integrate over in the path integral.
Through a straightforward computation one can evaluate the Gaussian integral in (9):
where Λ is a UV cutoff, ellipses denote either finite terms or scheme dependent divergences which will not be important for our further discussion, and
As a result, we obtain
One can see that Z 0 is cutoff independent provided g 6 satisfies the RG flow given in [6, 7] .
IV. TWO-POINT CORRELATOR
Taking the derivatives of the generating functional (3) with respect to J and integrating over the saddle point yields the following expression for the 2-point correlator of the scalar field φ on S 3 of radius r 0 :
whereη i are angular coordinates on the S 3 .
Weyl invariance implies a simple relation between O −1 s (η 1 ,η 2 ) on S 3 of radius r 0 and the appropriate massive scalar field propagator on S 3 of radius a. This yields
where χ a is the angle between the stereographic projections of the pointsη 1 andη 2 onto a sphere of radius a
As a result, the short distance expansion of the φ propagator can be readily evaluated
where f (g 6 ) is a known positive function, with f (g * 6 ) ≈ 0.2, compared with the equivalent term for a free massive scalar with mass r
, where f (g 6 ) takes the value 
V. CONCLUSIONS
In summary, we have constructed the holographic dual to a 4d M-theory cosmology, for weak gauge coupling, i.e., when the bulk is in the stringy regime. Several lines of development can now be pursued. First, through understanding the bulk behavior in the Einstein gravity regime, including perturbations, we can study the behavior of the holographic dual at strong gauge coupling. Second, through a study of the asymptotics on the dS 3 , we can study the double holographic dual, i.e., the 2d dual CFT defined on the past and future S 2 boundaries of the dS 3 . This may in turn allow us to propagate information across the cosmological singularities in a unique manner. Further details, and comparisons to other work [12] , will be presented elsewhere.
